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Abstract 

The present paper seeks to construct a quantum theory of the 
cosmological constant in which its presently observed very small value 
emerges naturally. 

Large scale cosmological observations over the past decade (see references 
cited in [1], and [2-4]) have provided data which are in accord with the 
simplest cosmological model LCDM (A + Cold Dark Matter) [4-7]. This 
model is governed by the homogeneous and isotropic Friedmann-Robertson- 
Walker (FRW) equation 

Stt a 

= -JPM + - (1) 
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for the scale factor a(t), with f^A + — 1 (flat universe). (Units in which 
G = h = c = 1 are used throughout this paper.) Eq. (1), with pm oc a{t)~^, 
has the analytical solution [8-10] 




a(t)oc sinh-W-t . (2) 



The cosmological data are well fitted by the LCDM with I^a = ^ ~ 0.7 
and /i ~ 0.7 [4-6], where Hq (the present value of the Hubble parameter) = 
100 h km s-^ Mpc-^ 

The big question, then, is : How can one account for the very small 
value 1.02 x 10~^^ of — obtained from the above values of Qa and h — 
theoretically [10-14]? Or, put more concretely, can one construct a quantum- 
mechanical description in which this small value of emerges naturally? 
The answer is in the affirmative. In the following I wish to sketch briefly the 
new quantum construction. 

I start with the Einstein equation 

R^u — ^g^vR — ^Qixv (3) 
and its solution [15,16] — the de Sitter line element — 

ds^ = (1 - u^p-')de - 7:r^^^ - p\de^ + sin^ ^#2), (4) 

(1 — UJ'^p'^) 



or, equivalently, 

ds^ = At: 



- r\de^ + sm^0d(l)^) 



(5) 



by setting p/y/4n = r. In Eqs. (4) and (5), = \J A/3 = ^Snp^/S. The de 
Sitter line element represents a completely homogeneous space-time manifold. 
Note that the metric (5) is similar to the Schwarzschild metric 



ds' = (^1 _ ^) dt' - '^''l - r'ide' + sin' ed(t>'). (6) 
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Just as the Schwarzschild metric has a horizon at r = 2M, the de Sitter 
metric has a horizon at 47rr^ = (Note that ^ is the surface area of the 
horizon.) In order to construct quantum mechanics for the de Sitter hne 
element (5) I use the same method which is used in [17] for making quantum 
mechanics for the Schwarzschild line element (6). There is one difference. In 
the Schwarzschild case it is the time-like geodesic equation that is used, for 
the simple reason that t is time-like for r > 2M [18,19]. In the present de 
Sitter case, however, I have to use the space-like geodesic equation because 
in this case t is space-like for 47rr^ > 

The equation for the space-hke geodesic with the de Sitter hne element 
(5) can be easily obtained [20], and is given by 



1 

47r 



£;2 



(1 - 47ra;2r2) (1 - Aitijj'^t'^) 



(7) 



with E and L constants of integration. In Eq. (7) dot means differentiation 
with respect to the proper time. Following [17] I put = L = in (7), and 
obtain 

1 .o 1 o o 1 



•2 I ^ 2 2 



Stt 



Proper use of the Schrodinger prescription in (8) then leads to 



_]_d_ 

2f2 Qj. 



dr 



1 2 2 

-u;r 



(9) 



as the quantum equation that corresponds to the Einstein equation (3) with 
the classical de Sitter solution (5). With U — rip, Eq. (9) reduces to the 
simple form 



2dr^ 2 



Stt 



Eq. (10) is the three-dimensional quantum oscillator but with only one 
eigenvalue e = ^ in 



(2n+^^uj, n = 0,l,2. 



see [17]. It is most natural to assign this value to the n — ground state 
the state of zero-point energy: 



1 3 
8;^^2" 



(12) 
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which gives cu — or writing cu exphcitly in terms of A, — 
Denoting this value of A by Aq and the corresponding cu by ouq, one has 
cuq — — and (12) is rewritten as 

On the other hand, if one associates this energy eigenvalue to the n = 1 
state, then from (11) 

^ % = (2(1) + pi (13) 



Stt 2 " V ' ' 2 

which gives cu = ^ = 2!^. Denoting this value of 0; by ci;i, and the corre- 
sponding value of A by Ai, one has cui — = 2^:^, and jCUi — And 
Eq. (13) is rewritten as 

= (2(1) + ^) u,. (13') 

Eq. (13') has the obvious interpretation in view of [17,19], that the initial 

zero-point energy ^Uq is reduced to ^Ui, the difference |(u;o — ^1) = 2ct;i 
being converted to one pair of mass quanta (particles), each mass quantum 
of energy uji. Said another more physical way, the first "quantum bang" 
(QB) transforms an amount 2u!i of the zero-point energy into (dark) matter. 

Next associate the left-over zero-point energy to the eigenvalue e for 
the n — 2 state in (11): 

(2{2) + l)u;2, (14) 



2 V ' ' 2, 

giving U2 = and the further reduced value of the zero-point energy 

— \uJ2-i the difference \{uJi — UJ2) = 4a;2 being converted to 2 pairs of mass 
quanta (particles), each particle of energy uj2. Again said more physically, 
the second successive QB transforms further an amount 4a;2 of the zero-point 
energy into (dark) matter. 

Similarly, after associating the energy |a;2 with the eigenvalue of the n = 3 
state, one obtains 

= (2(3) + J Va, (15) 
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with the zero-point energy reduced further to the value |a;3 and 3 pairs of 

particles, each of energy u^, produced. 

Continuing the process, after a succession of n QB's, one gets 

3 / 3\ 

LVn-l = i2n+ - jUJn, (16) 



(17) 



2 V 2 

which gives the recursion relation 

_ 3c(j„_i 



from which numerical values of cu'^s can be easily obtained starting from 
ouq — To give a feel for how they decrease with increasing n, I list 

a few : ujq = uji = 102 = 3.10 x 10"^, ■ ■ -, = 6.58 x 10"-^^, 
CJ15 = 3.13 X 10-1^ =^1.40 X 10-l^ CJ28 = 2.04 x 10"'^^ CJ29 = 
5.14 X 10-38, u;3o = 1.25 x lO^'^^^ ■ ■ -, uji2 = 5.86 x 10"^°, 1043 = 1.00 x 10~^\ 
uu = 1.68 X 10-^^ • • •. 

The value UJ43 = = 1.00 x lO^^^ gives (p^)^/^ = 1.86 x IQ-^^f^ 

2.27 X 10~^eV] via the relation Snp^ — A; and with = 0.7, it gives 
h = 0.69. 

The classical solution (2) has |^/^ in the argument of the function sinh. 

The quantum zero-point energy — f^/^ — has kept its form — in the classi- 
cal FRW solution — [21], though at a much reduced value equal to 1.5 x 10~^^. 
Thus the classical description (2) is a continuation of the above quantum 
description, thereby authenticating both, the former taking over the latter 
after most of the zero-point energy has been converted into dark and undark 
matter, in strict adherence with the law of conservation of energy, as a re- 
sult of the Quantum Big Bang - a succession of forty three quantum bangs. 
Captivatingly simple. 
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